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Summary. Changes in cellular Ca2+ concentration control a wide range of physiological
processes, from the subsecond release of synaptic neurotransmitters, to the regulation
of gene expression over months or years. Ca2+ can also trigger cell death through both
apoptosis and necrosis, and so the regulation of cellular Ca2+ concentration must be tightly
controlled through the concerted action of pumps, channels and buffers that transport
Ca2+ into and out of the cell cytoplasm. A hallmark of cellular Ca2+ signalling is its
spatiotemporal complexity: stimulation of cells by a hormone or neurotransmitter leads
to oscillations in cytoplasmic Ca2+ concentration that can vary markedly in time course,
amplitude, frequency, and spatial range.
In this chapter we review some of the biological roles of Ca2+, the experimental charac-
terisation of complex dynamic changes in Ca2+ concentration, and attempts to explain
this complexity using computational models. We consider the “toolkit” of cellular proteins
which influence Ca2+ concentration, describe mechanistic models of key elements of the
toolkit, and fit these into the framework of whole cell models of Ca2+ oscillations and
waves. Finally, we will touch on recent efforts to use stochastic modelling to elucidate
elementary Ca2+ signal events, and how these may evolve into global signals.
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1 Introduction
Biological cells use calcium (Ca2+) to control many of their activities [11]. Cells
draw on both intracellular and extracellular Ca2+ sources to generate signals that
transduce exogenous stimulation into physiological output [21]. It is well known
that prolonged elevations of Ca2+ lead to cell damage or death, so cells generally
limit the temporal and spatial extent of their intracellular Ca2+ rises. Over the past
thirty years, Ca2+ oscillations have emerged as a ubiquitous paradigm for cellular
signal transduction [8, 5, 145]. It is generally believed that by utilising brief pulses of
Ca2+, instead of tonic rises, cells avoid the deleterious effects of sustained cytosolic
Ca2+ levels. Furthermore, cells also benefit from the greater fidelity inherent in
frequency-modulated, as compared to amplitude-modulated, signalling [6]. A simple
Medline search for ‘calcium oscillations’ highlights over 3260 articles since 1980.
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Ca2+ oscillations are now routinely recorded using fluorescent probes, but were
previously characterised using techniques such as bioluminescence and measurement
of membrane potential fluctuations [154, 157]. Indeed, it was the latter technique
that provided some of the first indications that Ca2+ oscillations could provide
specificity and longevity in cellular signalling, whereas sustained Ca2+ signals caused
desensitisation [127]. The influx of Ca2+ from the extracellular space [120, 63] and
release of Ca2+ from intracellular stores can both give rise to pulsatile cytosolic
Ca2+ signals.
Ca2+ oscillations are initiated at the moment of fertilisation in vertebrates [30, 58,
98], and continue through life to regulate numerous physiological processes includ-
ing cell maturation and differentiation [25], cell cycle progression [72], mitochondrial
respiration [57], chemotaxis [92], secretion [93] and gene transcription [35]. They oc-
cur in vertebrates [5], plants [94, 140] and invertebrates [39]. Ca2+ oscillations have
been recorded from a vast number of different cell types. It is evident that the pat-
tern of Ca2+ oscillation varies substantially between cell types [7], and even between
cells of the same type [110], due to the expression of cell-specific Ca2+ signalling
proteomes [11]. Thus, cells can express different combinations and concentrations
of the various Ca2+ pumps, buffers and channels that comprise a “toolkit” of Ca2+
regulatory proteins. Ca2+ oscillation patterns can be roughly segregated into Ca2+
transients with a random occurrence, those having a sinusoidal appearance [52] and
periodic Ca2+ oscillations arising from a steady baseline cytosolic Ca2+ concentra-
tion [115, 20]. Of these different types, the baseline Ca2+ oscillations have been the
most widely studied, and are largely the focus of this chapter.
Baseline Ca2+ oscillations are thought to arise due to periodic release of Ca2+
from intracellular stores via intracellular Ca2+ channels. Although a number of
novel Ca2+-releasing messengers and pathways have been identified recently [21],
the generation of baseline Ca2+ oscillations is generally considered to be due acti-
vation of two types of intracellular Ca2+ channel; inositol 1,4,5-trisphosphate (IP3
) receptors and ryanodine receptors. IP3 receptors (IP3Rs) are large (∼ 1200 kDa)
tetrameric proteins, with an amino-terminal domain projecting into the cytoplasm,
and an integral Ca2+ channel formed by six membrane-spanning regions in the
carboxy-terminal portion of each subunit [144]. IP3 binding within residues 226-
576 of the amino terminus causes a conformational change that promotes channel
opening [23]. Between the IP3 binding site and the transmembrane regions is a
large stretch of amino acids where a significant proportion of regulatory interac-
tions occur. IP3Rs are expressed and participate in Ca2+ release within almost all
mammalian tissue, although their function in some cell types is unclear. Three IP3R
isoforms have been cloned and splice variants have been described, leading to the
possibility of heteromultimeric channels with distinctive properties based on their
subunit content. Although IP3 is necessary for channel opening, the activation of
IP3Rs is complex and their open probability is dependent on the ambient Ca2+
concentration. Up to approximately 500 nM, Ca2+ works synergistically with IP3
to activate IP3Rs . At higher concentrations, cytosolic Ca2+ inhibits IP3R opening
[45, 13, 65, 66].
Ryanodine receptors are structurally and functionally homologous to IP3 receptors,
albeit that they have approximately twice their mass [10]. There are three cloned
forms of the ryanodine receptor. Similar to IP3Rs, ryanodine receptor opening dis-
plays a ‘bell-shaped’ dependence on cytosolic Ca2+ concentration, although they are
generally activated and inhibited by slightly higher Ca2+ levels [13]. Both IP3Rs and
ryanodine receptors can therefore operate as Ca2+ -activated Ca2+ release (CICR)
channels; a property that is believed to lead to the autocatalytic release of Ca2+
during the upstroke of a Ca2+ oscillation [114, 130, 97]. The inhibition of IP3R
and ryanodine receptor opening by high levels of cytosolic Ca2+ provides a negative
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feedback mechanism that will terminate Ca2+ release, and prevent deleterious Ca2+
elevations [38]. It is possible that IP3Rs may also undergo a long-term desensitisa-
tion process that can also cause Ca2+ release to cease [56].
IP3Rs are almost ubiquitously expressed within mammals, whereas ryanodine re-
ceptors have a more limited tissue distribution [4, 134]. Furthermore, whilst there
appears to be considerable functional redundancy between the three IP3R isoforms,
the different types of ryanodine receptor have distinct expression patterns and gating
mechanisms. Type 2 ryanodine receptors, for example, are substantially expressed
in the heart, where they operate as CICR channels to generate the Ca2+ signal
that triggers cardiac contraction during each heartbeat [22]. In contrast, type 1
ryanodine receptors are largely expressed in skeletal muscle. They also provide the
Ca2+ signal necessary to trigger muscle contraction. However, although isolated
type 1 ryanodine receptors can work as CICR channels, within the intact muscle
they are actually activated through direct protein-protein interactions [133].
The effect of Ca2+ on IP3Rs and ryanodine receptors illustrates the complex regu-
lation of these channel. However, although their modulation by Ca2+ is important,
significant control of these channels is manifest by covalent modification and numer-
ous allosteric interactions. In particular, their interaction with accessory proteins is
uncovering new regulatory mechanisms and shedding light on novel aspects of biol-
ogy in which these Ca2+ channels are involved [113, 59]. It is emerging that IP3Rs
and ryanodine receptors simultaneously bind a multitude of accessory proteins that
impact their cellular location and functionality. Some of these proteins, e.g. Bcl-2,
are regulators of critical cellular events. Others are enzymes, e.g. protein kinase A,
which regulate the phosphorylation status of the channels and also convey informa-
tion distinct from increases in Ca2+. It therefore appears that IP3Rs and ryanodine
receptors are focal points for the convergence of multiple signal transduction path-
ways. They can modulate cellular activities through Ca2+ release, but in addition
they may act as a signalling nexus to bring proteins into close proximity. Both IP3Rs
and ryanodine receptors have been shown to underlie Ca2+ oscillations in various
cell types. In some cells, either IP3Rs or ryanodine receptors are active [104], al-
though there are numerous examples of both channel types working synergistically
to generate Ca2+ oscillations [15].
Baseline Ca2+ oscillations typically have a rapid upstroke from the resting Ca2+
concentration, and the peak cytosolic Ca2+ signal is generally attained within a
few seconds [9]. The recovery of the Ca2+ signal is generally slower, and requires
the Ca2+ to be pumped either into mitochondria, out of the cell or re-sequestered
into the intracellular stores. The spatial correlate of a Ca2+ oscillation is a Ca2+
wave (or ‘tide’) [19]. Due to the autocatalytic activity of IP3Rs and ryanodine
receptors, subcellular Ca2+ events can trigger propagating Ca2+ signals that can
passage throughout a cell [116]. The extent of Ca2+ wave propagation depends
on the degree of cellular stimulation [19, 106], i.e. the degree of excitability of
the intracellular Ca2+ release channels. Ca2+ waves can also diffuse through gap
junctions to initiate Ca2+ signals in neighbouring cells [16]. In this way, confluent
cells layers can display synchronised Ca2+ signals [112, 67, 118, 102].
A noteable characteristic of Ca2+ oscillations is that even within a single cell their
amplitude and kinetic parameters can depend on the nature of the stimulus and its
concentration [115]. For example, pancreatic acinar cells secrete digestive enzymes
into the small intestine in response to cholecystokinin or acetylcholine. The secretion
of enzyme-containing zymogen granules is triggered by the Ca2+ oscillations that
occur when cholecystokinin or acetylcholine are applied. Within the same pancreatic
acinar cell, cholecystokinin and acetylcholine generate Ca2+ oscillations with an
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initial sharp rising phase. However, when stimulated with cholecystokinin, the Ca2+
oscillations tend to show a secondary, longer-lasting, component [109].
One of the most widely studied features of Ca2+ oscillations is the dependence of
their frequency on the strength of external stimulation [115, 55]. This concept gen-
erally applies to baseline Ca2+ spiking. Since, in cells that display either sinusoidal
Ca2+ oscillations or random Ca2+ fluctuations the frequency of the Ca2+ elevations
can be insensitive to stimulus strength [52]. Sinusoidal Ca2+ oscillations have been
suggested to occur due to negative feedback regulation of either IP3 production or
IP3R activity [14]. By controlling oscillation frequency, cells can precisely regulate
their Ca2+-dependent activities in a way that is graded with the level of stimulus.
Cells possess a substantial number of proteins that can bind Ca2+, either directly or
through an intermediary such as calmodulin, and are either activated or inhibited
when Ca2+ is bound. By ‘counting’ individual Ca2+ oscillations over time, cellular
processes can be switched on or off [33]. A well-known example of an enzyme that
has the ability to decode the frequency of Ca2+ spikes and subsequently modulate
a variety of cellular activities is Ca2+/calmodulin-dependent kinase [121].
2 Modelling Ca2+ dynamics
The striking spatiotemporal complexity of cytoplasmic Ca2+ signals, as outlined
in the previous section, arises from the interplay of numerous cellular sources and
sinks of free Ca2+; a situation that lends itself naturally to computational analysis.
The approach for the majority of models to date has been to treat the cell as dis-
crete compartments (representing the cytoplasm and intracellular organelles) that
act as well-mixed reactors, isolated from a limitless extracellular space. Fluxes of
Ca2+ occur between these compartments under the control of the various channels,
transporters and buffers of the Ca2+ toolkit, combined with a finite leak across the
membranes delimiting the compartments. Within this context, early attempts to
simulate Ca2+ dynamics used simple empirical equations to describe the elements
of the toolkit. The steady-state assumption was adopted, so that the activity of
channels and pumps simply tracked IP3 and Ca2+ concentration. Similarly, leak
currents and buffering capacity were assumed to be linear or constant.
One of the earliest attempts to model Ca2+ oscillations in this way came from
Meyer and Stryer [96]. These authors recognised that two of the key features of
the system would be cooperative activation of Ca2+ release by IP3 , and positive
feedback of Ca2+ at some stage in the pathway. The authors hypothesised that this
positive feedback would arise from Ca2+ activating PLC, leading to enhanced IP3
production. The model successfully generated Ca2+ oscillations, but also predicted
that IP3 concentration would oscillate in addition to Ca2+. This behaviour was
shown to be unnecessary in several experimental systems [5], and the model lost
favour. A more persistently influential model was that of Goldbeter, Dupont and
Berridge [51], which is based on the existence of two intracellular Ca2+ pools, one of
which is sensitive to IP3 and the other not. Consequently, receptor activation leads
to release of Ca2+ from the IP3-sensitive pool, which triggers Ca2+ induced Ca2+
release from the IP3-insensitive pool (supplying positive feedback). With associated
pump and leak currents, this minimal model successfully generated Ca2+ oscillations
with features similar to those observed experimentally, arising from cycles of the
pool emptying into, and refilling from, the cytosol. The Goldbeter–Dupont–Berridge
model therefore incorporated two variables, the Ca2+ concentrations in the cytosol
(Z) and the IP3-insensitive pool (Y ), which varied with time:
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Z˙ = ν0 + ν1β − ν2 + ν3 + kfY − kZ , (1a)
Y˙ = ν2 − ν3 − kfV . (1b)
The dot indicates a derivative with respect to time, i.e. Z˙ = dZ/dt. Here ν0 is leak
across plasma membrane, ν1 is eﬄux from IP3 -sensitive stores (multiplied by the
scaling constant β, which increases with PLC activation), ν2 is uptake into the IP3
-insensitive store, ν3 is eﬄux from the IP3-sensitive store, kf is leak from the IP3
-insensitive store, and k is eﬄux across the plasma membrane. The channels and
pumps of the IP3-insensitive store were described by empirical equations of the Hill
form, such that:
ν2 = VM2
Zn
Kn2 + Zn
, ν3 = VM3
Y m
KmR + Y m
Zp
KpA + Zp
, (2)
where VMi are maximal rates of Ca
2+ transport, KR and KA are threshold con-
stants, and the coefficients n, m and p determine the cooperativity of the trans-
porter/channel. A later refinement of this model [37] reduced the system to a single
Ca2+ pool, as experimental results did not support the segregation of pools in many
cell types.
These simple models were very successful in reproducing much of the non-linear
behaviour of IP3-induced Ca2+ signalling, which demonstrated that the complexity
of cellular signalling could arise from simple principles of cooperativity and feed-
back regulation. Nevertheless, discrepancies with experimental evidence remained,
in particular, the requirement for stores to empty during an oscillatory cycle [18].
This approach remains in common use, but as experimental data accumulated on
the biophysical properties of the components of the toolkit, more detailed models
incorporating this extra complexity, were introduced.
3 Mechanistic models
In the early 1990s, several groups [65, 105, 13, 45] published experimental evidence
that the IP3 receptor is regulated by Ca2+ in a biphasic manner: low concentrations
of Ca2+ rapidly activate the receptor, whilst high concentrations inactivate the re-
ceptor more slowly. The functional consequence of this activity is positive feedback
of Ca2+ release following the initial IP3 signal, followed by negative feedback after
cytosolic Ca2+ concentration has reached hundreds of nanomolar. This behaviour
is sufficient to generate Ca2+ oscillations, and so the IP3 receptor became a focus
in efforts to model cellular Ca2+ dynamics. It also prompted a switch in approach
from the use of empirical models that described the steady-state behaviour of the
receptor, to the adoption of mechanistically realistic models that postulate the exis-
tence of multiple states of the receptor, with transitions between states determined
by microscopic rate constants. Such an approach has distinct advantages; princi-
pally that these models can describe both the mass action kinetics of an ensemble
of receptors, and the stochastic behaviour of individual molecules. Such a strategy
has been highly successful in elucidating the relationships between structure and
function in plasma membrane ion channels [26].
In the following sub-sections, we summarise a number of mechanistic models that
have been proposed for key elements of the Ca2+ signalling toolkit.
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3.1 The IP3 receptor
An early and influential model was that of De Young and Keizer [34]. We will
take this as our archetype for consideration of IP3R models to date, and adopt its
nomenclature for later models, wherever possible.
De Young and Keizer argue that a receptor consists of three binding sites: an acti-
vating and an inhibitory Ca2+ binding site as well as an activating IP3 binding site.
Therefore, the state of a receptor can be specified by a binary triplet ijk ∈ [0, 1]3.
The first index represents the IP3 binding site, the second the Ca2+ activating bind-
ing site, and the last the Ca2+ inhibiting binding site. An index equals 1 when a
site is occupied and 0 otherwise. Hence the state 110 refers to IP3 and Ca2+ bound
to the activating sites, respectively, and an empty inhibiting Ca2+ binding site. The
resulting eight states are shown in Fig. 1. The binding rate constants for IP3 acti-
vation are given by a1 and a3, whereas a2 and a4 refer to Ca2+ inhibition. Ca2+
activation is controlled by a5. The dissociation rates for the above processes are
denoted by b1 through b5.
100
101
110
111
000
001
010
011
0j0
0j1
1j0
1j1
a3I
b3
a1I
b1
a4c b4
i0k i1k
a5c
b5
a2c b2
Fig. 1. Transition scheme of the De Young–Keizer model. See Table 1 for parameter
values.
The reactions that occur at a receptor are binding and unbinding of Ca2+ and
IP3. They determine the state of one receptor. In an ensemble of receptors these
processes lead to a fraction pijk of receptors in a state ijk. If the ensemble is large
enough and homogeneous, these fractions can be described by rate equations. For
instance, the time evolution of p110 is governed by
p˙110 = − [b5 + a2c+ b1] p110 + a5cp100 + b2p111 + a1Ip010 , (3)
with I being the IP3 concentration and c the cytosolic Ca2+ concentration. The
negative term on the right hand side represents the processes that reduce the value
of p110. This can result from unbinding of IP3 with rate b1, unbinding from the
activating Ca2+ site with rate b5 and binding to the inhibiting Ca2+ binding site
with rate a2c. The remaining three terms control the increase of p110. This happens
for example through binding with rate a5c to the activating Ca2+ site of a receptor
that is in the state 100. Together with the remaining seven rate equations the state
of the ensemble is fully characterised. We may discard one of these equations and
use instead the conservation law
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a1 = 400 (µMs)
−1 d1 = 0.13 µM
a2 = 0.2 (µMs)
−1 d2 = 1.049 µM
a3 = 400 (µMs)
−1 d3 = 943.3 nM
a4 = 0.2 (µMs)
−1 d4 = 144.5 nM
a5 = 20 (µMs)
−1 d5 = 82.34 nM
Table 1. Binding rate constants ai and dissociation constants di, i = 1, . . . , 5 of the De
Young–Keizer model [34].
∑
{ijk}∈[0,1]3
pijk = 1 . (4)
This states that each receptor belongs to one of the fractions pijk and that the
number of receptors is conserved. In general the Ca2+ concentration is not constant
in time, so that a closed solution for the fractions pijk is not accessible. However,
we can compute the stationary values, p¯ijk, analytically. They read
p¯000 = d1d2d5γ1 , p¯100 = d2d5Iγ1 , (5a)
p¯010 = d1d2c¯γ1 , p¯001 = d3d5c¯γ1 , (5b)
p¯011 = d3c¯2γ1 , p¯101 = d5c¯Iγ1 , (5c)
p¯110 = d2c¯Iγ1 , p¯111 = c¯2Iγ1 , (5d)
with γ−11 = (c¯+d5)(d1d2 + c¯d3 + c¯I+d2I). Here di = bi/ai denotes the dissociation
constants for IP3 activation, Ca2+ activation and inhibition, respectively.
Table 1 shows the binding rate constants ai and the dissociation constants di that De
Young and Keizer used in their original work. Note that only 4 of the 5 dissociation
constants are independent due to the thermodynamic constraint of detailed balance,
i.e. d1d2 = d3d4 [60]. The constants in Table 1 were obtained by fitting steady
state data by Bezprozvanny et al. [13]. This has lead to some criticism during
the last years, because an IP3 receptor almost never reaches a steady state under
physiological conditions. The kinetic response to a change in the Ca2+ and IP3
concentration seems to be more relevant for its role in intracellular Ca2+ dynamics.
This idea was taken up by Sneyd et al. [132], suggesting a new set of parameter
values based on superfusion experiments [36].
The IP3 receptor is an integral part of the IP3 receptor channel, through which Ca2+
is released from the endoplasmic reticulum. Biochemical experiments and electron
microscopy revealed that the IP3 receptor channel consists of 4 subunits and that it
is conducting when at least 3 of the 4 subunits are activated [13, 156, 68]. In the De
Young–Keizer model, the configuration with IP3 and Ca2+ bound to the activating
binding sites, but with an unoccupied Ca2+ inhibiting binding site is the activated
state of the receptor. Consequently, the open probability of an IP3 receptor channel
is given by
po = 4p3110 − 3p4110 . (6)
Figure 2 depicts the stationary value of the open probability as a function of the
Ca2+ concentration using equation (5). At low Ca2+ concentrations, an increase in
Ca2+ leads to a significant increase in the open probability. However, when the Ca2+
concentration becomes too high, a further increase reduces the open probability.
Such a bell shaped dependence of the stationary open probability on Ca2+ is present
in a wide range of Ca2+ models (see e.g. section 3.2).
An alternative and simpler model to De Young–Keizer was proposed by Othmer and
Tang [142], in which the binding of IP3 and Ca2+ to the channels occurred sequen-
tially (Fig. 3). This model consists of three coupled ordinary differential equations
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−2 −1 0 10
0.05
0.1
0.15
log c ( M)
p o
μ
Fig. 2. Stationary value of the open probability po of an IP3 receptor channel. Parameter
values as in Table 1 and I = 0.4 µM.
S
000
S
100
S
110
S
111
a
1
I a2C
a
3
C
b
1
b
2
b
3
Fig. 3. Transition scheme of the Othmer–Tang model. See Table 2 for parameter values.
(ODEs), and was justified on the basis that experimental evidence suggested much
faster binding of IP3 and activating Ca2+ to the receptor than inactivating Ca2+
[142].
a1 = 12 (µMs)
−1 b1 = 8 s−1
a2 = 15 (µMs)
−1 b2 = 1.65 s−1
a3 = 0.8 (µMs)
−1 b3 = 0.21 s−1
Table 2. Binding rate constants ai and unbinding rates bi, i = 1, 2, 3 of the Othmer–Tang
model.
Bezprozvanny [12] introduced a further step to a simple sequential model of this
type: a conformational change that was essential to the activation process (Fig. 4).
This additional step allows the efficacy of channel opening, and thereby the open
S
100
S
110
S
111
S*
110
a2C a3C
b2 b3
b4 b5
Fig. 4. Transition scheme of the Bezprozvanny model when IP3 is already bound. See
Table 3 for parameter values.
probability, to be fixed at a defined maximum, whereas earlier models could in
principle yield higher open probabilities than are observed experimentally [13].
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a3 = 4 (µMs)
−1 b3 = 0.8 s−1
b4 = 25.2 (µMs)
−1 b5 = 224 s−1
Table 3. Binding rate constant a3, unbinding rate b3, and transition rates b4 and b5 of
the Bezprozvanny model when IP3 is bound. The transition rate constant a2 remains as
an open parameter, but it fixes the unbinding rate b2 = 0.2µM a2.
Despite the advantages of a mechanistic approach, the system of ODEs that de-
scribes models of this type cannot be solved analytically, and so computationally-
expensive numerical integrations must be carried out for non-equilibrium conditions.
Accordingly, several attempts have been made to simplify the above models, based
on the assumption of a quasi-steady state for those steps that are significantly faster
than the rate limiting step.
The most commonly used simplification was introduced by Li and Rinzel [79]. They
took advantage of the experimental findings that IP3 and Ca2+ activation are much
faster than Ca2+ inhibition. Consequently, they eliminated these two dynamics adi-
abatically, which resulted in a single equation for the fraction ph of receptors that
are not inactivated yet:
p˙h = −a6cph + b6 (1− ph) . (7)
Here, the constants a6 and b6 are related to the parameters of the original De
Young–Keizer model through a6 = a2 and b6 = b2(I + d1)/(I + d3). With its
single equation for an effective gating variable, the Li–Rinzel model represents the
strongest approximation of the De Young–Keizer model. In some circumstances as
e.g. the initiation stage of Ca2+ puffs, this might be too far a step, so that models
with fewer eliminations were proposed, such as a 4-state model [41] or a 3-state
model [149].
A comprehensive reduction of this type has been presented by Tang, Stephenson and
Othmer [142]. These authors analysed the models discussed above and concluded
that they can all be simplified to a single equation of a form that resembles that of
a gating variable in the Hodgkin–Huxley formulation of action potential generation
[142]:
y˙ = (y∞ − y)/τ , (8)
where y is the fraction of receptors with Ca2+ bound to the inhibitory site. This
simplification holds within certain ranges of parameters that result in quasi-steady
states for binding interactions and conformational changes which are faster than
receptor inactivation by Ca2+ binding. Strikingly, this simplified system can suc-
cessfully model a range of the complex Ca2+ dynamics observed in cells [142].
Valuable as this approach has been in elucidating the core behaviours underlying
non-equilibrium behaviour in Ca2+ signalling, it fails to accommodate some of the
functional properties of IP3 receptors in an experimental setting. Two new models
that have extended mechanistic models in light of non-equilibrium experimental
data obtained by rapid perfusion techniques [36, 90] have been recently published
[128, 31].
Sneyd and Dufour [128] have elaborated on the traditional mass action determin-
istic model by incorporating a rapidly equilibriating step at each transition of the
receptor between states. By making the equilibration dependent on Ca2+ concen-
tration, the result is a model system in which transitions exhibit Ca2+ dependency,
but with saturable rather than simple mass action kinetics. They illustrate this prin-
ciple with the Ca2+-dependent transition of receptor from an active (A) to inactive
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k1C
l1C
k
-1
A
I
A
l
-1 l-2l2
~
_
f1(c)
k
-1 + l-2
A I
Fig. 5. Transition scheme of the Sneyd–Dufour model.
(I) state, as shown in Fig. 5. Here, the intermediates A˜ and A¯ are in instantaneous
equilibrium, such that cA˜ = l−1/l1A¯, where c = [Ca2+]. Therefore, as A = A˜ + A¯
the variation in the proportion of active receptors with time is described by:
pA = (k−1 + l−2) pI − φ(c)pA , (9)
with
φ(c) =
c (k1l−1/l1 + l2)
c+ l−1/l1
. (10)
In effect, by postulating the existence of rapidly interconverting intermediates at
each step of receptor activation/inactivation, the resultant model has a function of
Ca2+ (φ(c)) in place of the mass action constant of proportionality (k). This mod-
ification was introduced to accommodate the observation that the rate of receptor
inactivation does not vary linearly with Ca2+ concentration (as would be predicted
for a simple binding interaction), but its mechanistic basis is unclear.
A closer inspection of the scheme in Fig. 5 reveals that upon cycling through the
states A˜, A¯, I and back to A˜, a Ca2+ ion is picked up in the first transition and
is not released before the return to A˜. This can be overcome be introducing an
additional state I˜ as proposed by Falcke [42] and recently implemented by Ullah
and Jung [155].
Finally, Dawson, Lea and Irvine have introduced an “adaptive” model for the IP3R
[31], developed from a similar model for the ryanodine receptor [117]. The model
postulates that the IP3R exists in two gross conformational states (R and R′), in
equilibrium, and that the conducting states of the channel can be reached only from
one conformation (R). IP3 binds to the R′ state with slower kinetics, but higher
affinity than the R state, and consequently, addition of IP3 results in a transient
opening of the channel before equilibration shifts the majority of receptors into the
(closed) R′ state. This scheme is summarised in Fig. 6.
R RI RI2 RI3 O1 O2
4 Ia1 3 Ia1 2a1I a1I a3C
a5C
a4C
2b1 4b13b1b1 b3
R'
R''
R'I R'I2 R'I3 C1
4 Ia2 3 Ia2 2a2I a2I
2b2 4b23b2b2
b4
b5
E2 E3E1 E4 E5
Fig. 6. Transition scheme of the Dawson–Lea–Irvine model. See Table 4 for parameter
values.
In the simulations used by the authors in [31], the rate constant for IP3 binding to
the R state (a1) is ten times faster than the rate constant for binding to the R′ state
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(a2). Similarly, for the off rates, b1 = 100b2. The equilibrium constants for transition
to the R′ state (shown here as Ei for simplicity) increasingly favour the R′ state as I
increases (i.e. as more IP3 molecules bind): E1 = e1/e−1 = pR′(∞)/pR(∞) = 0.01,
whereas E5 = 100. Therefore, if the rate at which equilibrium is reached is slower
than the rate of binding to the R states, a step change in IP3 concentration will
result in a transient increase in the fraction of receptors reaching the open states
(O1 and O2), followed by a slower progression to favour the C1 state as time passes.
a1 = 1000 (µMs)
−1 b1 = 1000 s−1 e1 = 1 s−1 e−1 = 100 s−1
a2 = 100 (µMs)
−1 b2 = 10 s−1 e2 = 1 s−1 e−2 = 10 s−1
a3 = 100 (µMs)
−1 b3 = 10 s−1 e3 = 1 s−1 e−3 = 1 s−1
a4 = 10 (µMs)
−1 b4 = 0.01 s−1 e4 = 10 s−1 e−4 = 1 s−1
a5 = 1 (µMs)
−1 b5 = 0.1 s−1 e5 = 10 s−1 e−5 = 0.1 s−1
Table 4. Binding rate constants ai, unbinding rates bi and transition rates ei and e−i,
i = 1, . . . , 5 of the Dawson–Lea–Irvine model.
The principal virtue of this model is the elegant mechanism by which quantal Ca2+
release is achieved. The IP3R in this scenario opens in response to changes in IP3
concentration, rather than giving a steady-state conductance at fixed IP3 concen-
trations. This feature can also offer an explanation as to why unitary Ca2+ events
are transient, and do not lead to uncontrolled positive feedback and global Ca2+
elevation. The authors took the model further, however, by incorporating the effect
of a local domain of Ca2+ in the vicinity of the channel pore, by adding a second
open state (O2), with higher open probability, which is reached by binding Ca2+.
Feedback of Ca2+ concentration in this way resulted in several effects: an increase
in the cooperativity of IP3 activation, dependence on luminal Ca2+ concentration
(due to the pore microdomain), and a left shift in the IP3 concentration response
as receptor density increased. They also incorporated a Ca2+-bound inactivated
state (R′′). These additional features can rationalise a large body of experimental
work on quantal Ca2+ release, the existence of stores with different apparent IP3
sensitivities, and the tendency for elementary Ca2+ events to occur in “hotspots”,
simply by postulating variation in the density of adaptive IP3Rs in different regions
of the cell ER. A final, cautionary note, is that the fitting of an empirical (Hill)
equation to ensemble IP3 concentration-response curves does not, necessarily, give
any information about the underlying biophysics of individual receptors, as Hill co-
efficients larger than one (and adaptive kinetics) can be obtained even with a single
IP3 binding site.
We have only presented here an overview of some of the more popular IP3R models.
In fact there are many others, see for instance [1, 131, 87, 3]. For a recent review of
IP3R models see [129].
3.2 The Ryanodine receptor
Here we discuss ryanodine receptor modelling that relates specifically to the geom-
etry of cardiac myocytes. This receptor resembles in many aspects the IP3 receptor
presented in section 3.1. For instance it is known that it can be activated or inhib-
ited by Ca2+ [40, 54]. However, the close proximity of ryanodine receptor channels
in the SR membrane and L-type Ca2+ channels in the plasma membrane has led
to slightly different modelling approaches. Instead of considering a single receptor,
the receptor channel as a whole is mostly modelled [136]. Figure 7 shows such a
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gating scheme, which was proposed by Tang and Othmer [141]. Note the structural
similarities to the IP3 receptor model in Fig. 1. The binary tuple in Fig. 7 repre-
sents Ca2+ binding sites, with the first digit referring to activation and the second
to inhibition. An index equals 1 when Ca2+ is bound and 0 otherwise. Hence, 10
refers to the state with Ca2+ bound only to the activating binding site.
Fig. 7. Transition scheme of the Tang–Othmer model. See Table 5 for parameter values
In case of a large number of channels, the fraction of channels in a given state is
determined by an equation similar to equation (3), e.g. we find for channels in the
state 10
p˙10 = − (k2c+ k−1) p10 + k1cp00 + k−2p11 . (11)
Since the Ca2+ concentration changes in time, solutions to equation (11) are not
available in closed form. However, the stationary states can be readily computed,
which yields
p00 = K1K2γ2 , p10 = K2c¯γ2 , (12a)
p01 = K1c¯γ2 , p11 = c¯
2γ2 , (12b)
with γ−12 = K1K2+(K1+K2)c¯+c¯
2 and the dissociation constantsKi = k−i/ki. Note
that p00 + p01 + p10 + p11 = 1 in analogy to equation (4). In a similar fashion to De
Young and Keizer, Tang and Othmer consider the channel to be open when Ca2+ is
only bound to the activating Ca2+ binding site, but not to the inhibiting. Hence, 10
represents the conducting state of the ryanodine receptor channel. Figure 8 depicts
the stationary open probability p10 as a function of the Ca
2+ concentration. We
find a similar bell shaped curve as for the De Young–Keizer model.
The above analysis demonstrates that modelling IP3 receptors and ryanodine re-
ceptors can proceed along the same lines, which greatly facilitates theoretical in-
vestigations of their dynamics. Yet, the prominent opposition of ryanodine receptor
channels and L-type Ca2+ channels led early to the conclusion that geometry is cru-
cial for the Ca2+ dynamics — an insight that is just about to make its breakthrough
for IP3 receptor channels.
When Ca2+ is liberated from the SR, it enters the tiny volume of the dyadic cleft,
where it reaches concentrations as high as several hundred micromolar — orders of
magnitude higher than bulk concentrations in a cell. Therefore, the gating mech-
anisms of the ryanodine receptor channel are not influenced by averaged concen-
trations, but by the highly elevated Ca2+ concentration in the dyadic cleft. Stern
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Fig. 8. Stationary value of the open probability p10 of the Tang–Othmer model.
took up this idea and proposed local control models [135]. They consist of separate
equations that govern the time evolution of Ca2+ in the dyadic cleft, the rest of
the cytosol, and the lumen, respectively. Since then, various aspects of the interplay
between the geometry of the dyadic cleft and its dynamics have been discussed, see
e.g. [108, 123, 143].
k1 = 15 (µMs)
−1 k−1 = 7.6 s−1
k2 = 0.8 (µMs)
−1 k−2 = 0.84 s−1
Table 5. Binding rate constants li and unbinding rates l−i, i = 1, 2 of the Tang–Othmer
model.
3.3 The SERCA pump
SERCA pumps belong to a group of enzymes known as P-type ATPases, so a nat-
ural step to model the dynamics of these pumps is to employ tools from enzyme
kinetics [122]. The current picture as obtained by pharmacological studies and elec-
tromicroscopy [83, 153, 152] indicates that once cytosolic Ca2+ is bound to the
ATPase, the enzyme undergoes several transformations including large conforma-
tional changes to the point when it releases Ca2+ into the lumen. A simplified model
of this transport mechanism is depicted in Fig. 9. We assume that we can lump all
intermediate states into two states: the state in which cytosolic Ca2+ is bound for
the first time (IC1), and the state from which Ca2+ is liberated into the lumen (IC2).
Consequently, the speed of the reaction is determined by the transitions between
(IC1) and (IC2):
v = k2 [IC1]− k−2 [IC2] . (13)
Using the steady-state approximation for binding of Ca2+ to the pump and for
unbinding of Ca2+ from the pump, i.e. [IC1] = sc/K1 and [IC2] = se/K2 with
Ki = k−i/ki and e being the luminal Ca2+ concentration, we immediately arrive at
v = k2
sc
K1
− k−2 se
K2
=
vm,fsc/K1 − vm,rse/K2
sT
=
vm,fc/K1 − vm,re/K2
1 + c/K1 + e/K2
. (14)
Here, vm,f = k2sT and vm,r = k−2sT represent the maximal forward and reverse
velocity, respectively, and sT = s + [IC1] + [IC2] denotes the total SERCA con-
centration because the pump can be either unbound (S) or in one of the internal
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states IC1 or IC2. Note that since luminal Ca2+ can vary, the dynamics of e can
have a strong impact on SERCA activity [158]. Equation (14) naturally incorporates
that enzymatic reactions are reversible, and hence pays tribute to the experimental
findings that SERCA pumps can operate in a reverse mode.
Fig. 9. Reaction scheme for a SERCA pump. The SERCA pump with no Ca2+ bound is
denoted by S, whereas IC1 and IC2 refer to Ca
2+ bound transition states. C and E refer
to the cytosolic and luminal calcium.
The reaction scheme in Fig. 9 assumes that only one Ca2+ ion binds to the SERCA
pump, which is then transported into the lumen. However, structural evidence has
indicated that two ions are bound [152]. Assuming that they bind in a cooperative
manner, equation (14) needs to be altered according to
v =
vm,f (c/K1)
n − vm,r (e/K2)n
1 + (c/K1)
n + (e/K2)
n , (15)
where n represents the Hill index. Shannon et al. [123] give a value of n = 1.6.
The complexity of equation (15) often leads to the implementation of approxima-
tions. One frequently used assumption is that the luminal Ca2+ concentration is
constant and does not feed back on the dynamics, so that Ca2+ is only pumped
from the cytosol into the lumen. This leads to
v = vm,f
cn
Kn1 + cn
. (16)
The dominant feature of equations (15) and (16) is that the Ca2+ concentrations
enter nonlinearly. In the limit of no cooperativity (n = 1) and low affinity (c K1
and e K2), both expressions can be linearised to yield
v =
c
τ
− e
τe
, (17)
or v = c/τ , respectively, where we introduce the time scales τ = K1/vm,f and
τe = K2/vm,r. The advantage of the linearised expressions is that they allow us
far reaching analytical investigations of intracellular Ca2+ dynamics, as we will
illustrate later in section 5.
3.4 Mitochondria
Calcium transport by mitochondria involves mainly two pathways: uptake by a
Ca2+ uniporter and release through a Na+/Ca2+ exchanger (NCX). Like most of the
cellular transport mechanisms, a convenient way of describing them is to resort to
enzymatic reactions. The number of transporters remains unchanged in the course
of a reaction in the same way as the total number of enzymes does not change.
Following a review by Gunter and Pfeifer [53], the Na+/Ca2+ exchanger is best
represented by a product of 2 Hill functions:
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vNCX = vNCXm
n2
K2n + n2
m
Km +m
, (18)
where m and n denote the mitochondrial Ca2+ concentration and the cytosolic Na+
concentration, respectively, and Kn and Km refer to the dissociation constants for
Na+ and Ca2+ transport, respectively. The maximal velocity is given by vNCXm .
Equation (18) reflects experimental findings that the Na+/Ca2+ exchanger may
work electrically neutral, in that it releases one Ca2+ ion for two Na+ ions. However,
other studies suggest a ratio larger than 2:1 (see e.g. [69]), which would lead to a
higher Hill coefficient than 2 in equation (18). A similar controversy seems to exist
for modelling the Ca2+ uniporter. Yet, the best fit is obtained for a Hill coefficient
of 2 [53], giving rise to
vuni = vunim
c2
K2u + c2
. (19)
Here, vunim is the maximal velocity of the uniporter, and Ku denotes the associated
dissociation constant. Putting equations (18) and (19) together, the net Ca2+ flux
of mitochondria is given by
Jm = vuni − vNCX . (20)
Equation (20) represents a sensible starting point for incorporating mitochondrial
dynamics into models of intracellular Ca2+, because it captures essential experi-
mental findings in a tractable expression. It has been successfully applied in [43, 44]
to explain experiments in which energised mitochondria increase the speed of Ca2+
waves — a result that seems contradictory to the process of Ca2+ induced Ca2+ re-
lease (see section 4). We note that patch-clamp data from the inner mitochondrial
membrane is available to guide further detailed modelling of the Ca2+ uniporter
[77]. In case more details for the Ca2+ flux than equation (20) are needed such as
coupling to the membrane potential of mitochondria or the concentration of ADP,
see e.g. [86, 85, 84].
4 Homogenous cell models
A frequently used assumption in modelling cellular processes is that cells resemble
well-stirred reactors, so that concentrations of any chemical compound are the same
everywhere in the cell. Mathematically, this principle leads to a set of ODEs. When
we focus just on the dynamics of cytosolic Ca2+ without fluxes over the plasma
membrane, all these models possess the structure
c˙ = Jrelease(X, c, t) + Jleak(c, t)− Juptake(c, t) , (21a)
X˙ = f(X, t) , (21b)
where Jrelease and Jleak denote Ca2+ liberation through receptor channels and a
leak current from internal Ca2+ stores, respectively, and Juptake represents Ca2+
uptake from the cytosol into these stores. The variable X refers to the states of the
receptors involved, and hence the release current explicitly depends on it.
We will illustrate the dynamics of equation (21) with the De Young–Keizer model
introduced in section 3.1. As mentioned there, the open probability of an IP3 recep-
tor channel is given by equation (6), which reflects experimental findings that the
channel is conducting when at least 3 of its 4 subunits are activated [13, 156, 68].
Consequently, we model the release current as
Jrelease = kc
(
4p3110 − 3p4110
)
(e− c) , (22)
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where kc denotes its maximal value. The luminal Ca2+ concentration e is considered
constant. Generally, a linear leak current Jleak = −klc with a flux strength kl is
accepted, and the SERCA pumps are implemented by a Hill function as in equation
(16) with a coefficient n = 2:
Juptake = kp
c2
c2 +K2p
. (23)
Taking it together, the time evolution of the Ca2+ concentration as governed by
equation (21) requires us to solve 8 coupled nonlinear ODEs.
An elegant insight into such high dimensional dynamics is obtained by computing
bifurcation diagrams. The left panel of Fig. 10 depicts the stationary states of the
Ca2+ concentration as a function of the IP3 concentration. The prominent feature
are two Hopf bifurcations [74]. If the IP3 concentration is chosen in between these
two bifurcation points, the Ca2+ concentration oscillates. A typical trace is shown in
the right panel of Fig. 10. At low IP3 concentrations, the Ca2+ dynamics possesses
a linearly stable fixed point. The same is true for high IP3 concentrations.
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Fig. 10. Left: Bifurcation diagram of the De Young–Keizer model. Solid (dashed) lines
represent stable (unstable) solutions. The minimum and the maximum of the oscillations
are indicated by circles. Right: Typical Ca2+ oscillations for I = 0.5. µM. Parameter
values as in table 1 and kc = 6 s
−1, kl = 0.108 s−1, kp = 0.76 (µMs)−1, Kp = 0.1 µM, and
e = 1.69 µM.
The mechanism that underlies these oscillations is known as calcium induced cal-
cium release (CICR). The open probability increases significantly with an increase
of the Ca2+ concentration at low Ca2+ concentrations. Consequently, a gradual in-
crease of Ca2+ at a closed IP3 receptor channel might increase the open probability
to such an extent that it opens. Then Ca2+ is liberated, and the high Ca2+ con-
centration inhibits the IP3 receptor, leading to a closure of the channel. The Ca2+
concentration decreases and eventually reaches the same level as before the Ca2+
liberation started. Hence, the oscillation can start again. The features of an increase
of the open probability at low Ca2+ concentrations and a decrease at high Ca2+
concentrations is also present in the stationary value of the open probability that
is depicted in Fig. 2.
The occurrence of a Hopf bifurcation is one possibility to generate oscillations in
spatially homogeneous Ca2+ models. Later approaches as e.g. in [1] found the same
mechanism. However, it is not the only one. Another principle becomes apparent
when we take X in equation (21) to be the Li–Rinzel model (equation (7)). The
origin of the oscillations is best explained by investigating Fig. 11. It depicts the
nullclines for c and ph, i.e. the solutions to c˙ = 0 and p˙h = 0. The intersection of
the two curves represents a linearly stable fixed point. When c and ph take initial
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values in the vicinity of the fixed point, they will always return to it. However, larger
perturbations carry them away as indicated by the solid line. These excursions in
phase space give rise to the observed oscillations and are known as excitability (see
[81] for a comprehensive review). A more detailed analysis reveals that the present
Ca2+ model possesses the same structure as the seminal equations by FitzHugh and
Nagumo [46, 101]. Hence, the existence of excitability can be understood on general
grounds.
Although Hopf bifurcations as well as excitability lead to oscillations, both mecha-
nisms are fundamentally different. In the former case, oscillations exist intrinsically
and persist forever if no perturbations are applied. On the contrast, oscillations
in excitable systems can only be observed if the perturbations are strong enough.
Therefore, noise can act in a destructive fashion in the presence of a Hopf bifur-
cation, but it is crucial in the regime of excitability. In the next section, we will
explore the concept of excitability in more detail.
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Fig. 11. Nullclines of c (dotted line) and ph (dashed line) in the Li–Rinzel model. The
solid line shows a trajectory with initial conditions (c, ph) = (0.06250, 0.83959). Parameter
values as in Fig. 10 and I = 0.2 µM, a5 = 10 (µMs)
−1.
5 Threshold models
We saw in section 4 that excitability is one mechanism to generate oscillations.
Figure 12 illustrates that excitability is intimately related to threshold crossing.
The notion of a perturbation being sufficiently strong is the same as indicating that
a perturbation exceeds a threshold. If the initial perturbation is too weak, the Ca2+
concentration returns to its steady state. Otherwise, it crosses the threshold and
evokes an oscillation.
In the case of the Li–Rinzel model, it is obvious that crossing the threshold and the
exact form of the oscillation depends on both variables, the Ca2+ concentration c
and the gating variable ph. The latter summarises all the dynamics of the release
channel, so that it essentially encodes for the state of the channel being either
open or closed. Note that this discrete notion (on/off) is blurred by considering a
population of channels and consequently fractions of open channels. This switch-
like idea led to an approximation of equation (21) that is now known as a threshold
model. Instead of considering the full gating mechanism as in equation (21b), this
approach assumes that as long as the Ca2+ concentration is below a threshold, no
release occurs, but as soon as it crosses threshold, Ca2+ is liberated from internal
stores in a prescribed form. Consequently, equation (21) is replaced by a single
equation with the new release term
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Fig. 12. Concept of excitability. At the time indicated by the arrow, both Ca2+ trajectories
are perturbed. The solid line shows a subthreshold perturbation, whereas the dashed line
represents a superthreshold perturbation.
Jrelease =
∑
i
f(t− Ti) . (24)
The release times Ti are defined by
Ti = inf {t | c ≥ cth, t > Ti−1 + τR} , (25)
where τR denotes an absolute refractory time-scale. Equation (25) states that release
occurs when the Ca2+ concentration is higher than a threshold value cth and that
there is at least a time τR between consecutive release events. Given a firing time
Ti, the function f(t) in equation (24) governs the exact shape of the Ca2+ release.
Assuming that liberation lasts for a time ∆ with a constant flux density η, it is
common to write f(t) = ηΘ(t − ∆)Θ(t), where Θ is the Heaviside function with
Θ(t) = 1 for t ≥ 0 and 0 otherwise. One assumption in equation (24) is that Ca2+
release occurs at every point in the cell. However, it is well known that release sites
form either regular lattices as in cardiac myocytes or a scattered randomly as in
Xenopus oocytes [22, 88]. We can easily accommodate for such spatial arrangements
by changing the release flux according to
Jrelease =
∑
i,j
f(t− T ji )δ(xj − x) , (26)
where δ(x) is a Dirac-delta function. Release occurs now at sites labelled by the
index j, so that T ji is the ith release event at site j.
Threshold models have greatly facilitated studies of intracellular Ca2+ dynamics,
since they allow far reaching analytical results and cheap numerical simulations
[75, 107, 32, 27]. When using the form of release (26) such threshold models are
called fire-diffuse-fire (FDF) models. Indeed they have contributed significantly to
our understanding of Ca2+ fronts and spiral waves, which represent some of the
most prominent Ca2+ patterns in cell biology. Note that to study wave phenomena
in general, we need to append equation (21a) by a diffusive contribution, i.e.
∂c
∂t
= D
∂2
∂x2
c+ Jrelease + Jleak(c)− Juptake(c) , (27)
where D is the diffusion coefficient of cytosolic Ca2+. For a general introduction to
waves see [74, 100].
Using the release flux (26) the model is not translation invariant and one expects
the emergence of saltatory waves, i.e. waves that do not propagate with a constant
profile. Rather activity jumps from one release site to another, so that the speed of
propagation is naturally defined in terms of the ratio of inter-release site distance
to the duration of jumping. An example of such a wave is shown in Fig. 13.
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Fig. 13. An example of two saltatory pulses moving out from the center of a deterministic
one dimensional FDF model with 50 regularly spaced release sites and free boundary
conditions. Redrawn from [28].
Despite their successes, many threshold models assume that the luminal Ca2+ con-
centration remains constant. This is only true if the lumen is infinitely large and
diffusion is very fast. How quickly Ca2+ diffuses in the lumen is still an open ques-
tion, (see [103] and [76] for opposing views), but we can be sure about the finiteness
of organelles. Consequently, a natural extension of equation (27) are the bidomain
equations
∂c
∂t
= D
∂2c
∂x2
+ Jrelease(c, cer) + Jleak(c, cer)− Juptake(c, cer) , (28a)
∂cer
∂t
= Der
∂2cer
∂x2
− 1
γ
[Jrelease(c, cer) + Jleak(c, cer)− Juptake(c, cer)] , (28b)
Jrelease(c, cer) = (c− cer)
∑
i,j
f(t− T ji )δ(xj − x) , (28c)
where Der and γ denote the diffusion coefficient of Ca2+ in the lumen and the
ratio of luminal to cytosolic volume, respectively. This bidomain model has recently
been employed to analyse a new dynamical phenomenon of back-and-forth rocking
waves (for a model with a continuous distribution of stores: T ji → Ti(x)) [151].
These types of waves have been observed in nemertean worm [137] and ascidian
eggs [160]. They were first investigated in a biophysical model, with a Li–Rinzel
model for the IP3 receptor and a nonlinear SERCA pump (given by equations (7)
and (16) respectively). Being reminiscent of a form of classical ballroom dance they
were dubbed ‘tango waves’ [80]. Figure 14 shows different shapes of tango waves in
a threshold bidomain model. The result in the left panel was obtained for a nonzero
refractory time scale, and every time the main wave reverses direction, pulses are
shed off. The number of pulses varies, as there is only one pulse for the first 4
reversals, but two pulses for the subsequent ones. The right panel illustrates that
the back-and-forth movement can be more compact and that isolated pulses do not
necessarily exist.
Although threshold models mimic deterministic excitable systems, they can be nat-
urally extended to describe noisy systems. For instance, the value of the threshold
may be chosen to fluctuate in such a way as to approximate the stochastic gating of
receptors [61]. Stochastic calcium dynamics was investigated in [29, 28] and can give
rise to noisy waves such as those seen in Fig. 15. The spark-to-wave transition in
a particular stochastic threshold model is analysed in [73]. Interestingly, noise can
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Fig. 14. Different kinds of tango waves in an FDF bidomain model with τR = 0.5 s (left)
and τR = 0 s (right). The pseudocolour plot shows c(x, t) in µM. For further details see
[151].
have contrasting effects. On the one hand, it can lead to the extinction of waves that
exist in the absence of noise. On the other hand, coherent oscillations can arise from
a state of complete disorder, due to a form of array enhanced coherence resonance
[28]. Indeed, noise can play a key role in shaping the dynamics of intracellular Ca2+,
and we will see some more examples of this in the next section.
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Fig. 15. Temporal sequence snapshots for a two-dimensional stochastic FDF model with
low noise. Frames are presented every 0.45s starting in the top left corner and moving
rightward and down. An initial seed in the center of the cell model leads to the forma-
tion and propagation of a circular front. Spiral waves form in the wake of the wave by
spontaneous nucleation. These can be destroyed in wave–wave collisions and created by
spontaneous nucleation. Redrawn from [28].
6 Stochastic modelling
Since the pioneering work of Hodgkin and Huxley [62], our understanding of ion
channel dynamics has greatly improved, and today there is overwhelming experi-
mental evidence that ion channels are intrinsically noisy. Although large populations
of randomly gated ion channels can generate deterministic signals [47], detailed stud-
ies of intracellular Ca2+ dynamics reveal that fluctuations exist from the micro-scale
of channels to the macro-scale of waves and oscillations [42].
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The reason for this persistence lies in the spatial arrangement of the Ca2+ release
channels. They are not homogeneously distributed in the cell, but they are grouped
into clusters. Indeed, in the case of IP3Rs there is some evidence that they prefer
to occupy positions nearer to mitochondria [91]. The exact number of channels
per clusters is still unknown, but estimates range between 5–100. More specifically,
Swillens et al. reported cluster sizes between 5–40 for IP3R channels [139]. More
recent data for the number of IP3Rs in a cluster can be found in [124]. These
clusters can form either regular arrays as in the case of ryanodine receptor channels
[48, 159, 64, 22], or they can be less ordered as in the case of IP3R channels [88, 82].
This spatial organisation has far reaching effects. The small number of channels per
cluster entails that the state of a cluster in terms of the states of the channels fluc-
tuates strongly. Consequently, Ca2+ release through a cluster, which is determined
by the number of open channels, does not generally show regular oscillations as in
the right panel of Fig. 10. The interval between blips, puffs or sparks as well as
the amplitude vary significantly [17, 138, 24, 89, 88]. From a modeller’s perspective,
this requires the replacement of the deterministic gating equations in section 3.1 by
their stochastic counterparts.
The toolbox of stochastic processes offers different methods for this goal [49, 71, 111].
We will illustrate two of them with a stochastic version of the Li–Rinzel model
(equation (7)), in which a receptor is either deactivated (D) or activated (A). Hence,
it obeys the transition scheme
A
a6c−⇀↽−
b6
D . (29)
The most fundamental approach is to write down a master equation for a channel
with N receptors, which governs the time evolution of the probability pn(t) to find
n receptors in the activated state at time t:
dpn(t)
dt
= − [na6c+ (N − n)b6] pn(t) + (n+ 1)a6cpn+1(t) + (N − n− 1) b6pn−1(t) .
(30)
The negative term on the right hand side reflects that the probability decreases
when any of the n activated receptors binds Ca2+ and hence deactivates, or when
Ca2+ dissolves from any of the (N − n) deactivated receptors. On the other hand,
if there are (n+ 1) activated receptors, binding of Ca2+ to one of them reduces this
number to n activated receptors and hence increases the probability pn(t). Note
that equation (30) is a system of N coupled equations, one for every n. Although
being a basic equation, solving the master equation for more complicated gating
schemes as e.g. the De Young–Keizer model is computationally expensive, so that
approximations were suggested.
The two most frequently used approximations are either Fokker-Planck equations
or Langevin equations. Instead of a set of N coupled equations, a Fokker-Planck
equation is a single equation for the probability p(x, t) to find a fraction x = n/N
receptors in the activated state. However, a master equation gives rise to several
Fokker-Planck equations, which all have different properties. At the end the current
question at hand decides upon a specific choice [50]. Following the ideas of Kramers
and Moyal [78, 99], we find
∂p(x, t)
∂t
= − ∂
∂x
[b6(1− x)− a6cx] p(x, t)+ 12N
∂2
∂x2
[b6(1− x) + a6cx] p(x, t) . (31)
Both equations, (30) and (31), describe the time evolution of the probability to find
some number or some fraction of activated subunits, respectively. Langevin took a
different approach and wrote down an equation for the actually value of x:
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∂x
∂t
= [b6(1− x)− a6cx]x+
√
b6(1− x) + a6cx
N
ξ(t) , (32)
where ξ(t) is zero-mean Gaussian white noise, i.e. the mean of ξ vanishes, 〈ξ(t)〉 = 0,
and the correlations obey 〈ξ(t)ξ(t′)〉 = δ(t − t′) [119]. Note that equations (30)
and (31) always give the same result for identical initial conditions, respectively,
whereas equation (32) yields different outcomes for every run. This is due to the
the Gaussian noise. It is worth noting that equation (31) and (32) are equivalent
[49]. Which to choose depends on the specific question: if the probability distribution
is needed, then the Fokker-Planck equation is the first choice, whereas the Langevin
equation reveals how the fraction of activated channels actually evolves in time.
Both approaches have been successfully used in the past to study various aspects
of intracellular Ca2+ dynamics [126, 155, 70, 125, 95, 149].
That fluctuations at the cluster level are necessary for a functional Ca2+ dynamics
becomes evident when we look at the Ca2+ concentrations that occur at a releasing
cluster. Since liberation is spatially restricted, the Ca2+ concentration reaches values
2–3 orders of magnitude higher than bulk concentrations [146]. Note that the IP3
receptors experience these highly elevated Ca2+ concentrations, and not the bulk
concentration far away from the cluster. Without any noise, such a cluster would
not be able to oscillate [147, 148]. The reason is that these high Ca2+ concentrations
saturate any feedback mechanisms of the IP3 receptor. However, they are the crucial
element in driving oscillations, so that blocking them prevents the IP3 receptors
from oscillating.
We now move one structural level higher and consider a group of clusters. Tak-
ing up the idea of CICR mentioned in section 4, the distance of several microns
between adjacent clusters entails that they are weakly coupled by the Ca2+ con-
centration, because only little Ca2+ diffuses from one open cluster to the next one.
Consequently, the open probability of a still closed cluster increases only slightly
by the opening of one of its neighbours. Release through a single cluster is there-
fore insufficient to trigger a Ca2+ wave, which travels through the cell. This was
observed experimentally and in simulations, leading to the conclusion that a mini-
mum number of adjacent clusters needs to liberate Ca2+ to start a wave [89, 2, 41].
The time that it takes to form such a critical nucleus of conducting clusters is truly
random due to fluctuations on the single cluster level and the weak coupling be-
tween clusters. Therefore, the period of Ca2+ oscillations is a varying quantity that
demonstrates the fluctuations of intracellular Ca2+ dynamics on the macroscopic
scale.
The insight that fluctuations occur on vastly different time scales and length scales
have rendered intracellular Ca2+ one of today’s most challenging model systems.
The goal of understanding cellular behaviour needs to start at the receptor level
and has to take the real geometry of cells into account. First steps in integrating
processes on the receptor level into higher order dynamics have been achieved,
[28, 150], and it will be exciting to see how new modelling bridges between different
cellular mechanisms will deepen our understanding of cellular responses.
7 Concluding remarks
The models described in this chapter constitute only a few examples of the efforts
made to mathematically describe the complexities of the Ca2+ toolkit and how
they impact on Ca2+ oscillations. It is clear that despite significant research into
the biology that controls oscillations, not all parameters that govern the ‘on’ and
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‘off’ mechanisms in Ca2+ signalling are known. Moreover, the isoform specific dif-
ferences in the biophysics of the channels, pumps and exchangers as well as how
they are affected by protein-protein interactions and secondary modifications such
as phosphorylation are only just beginning to emerge. Further points to consider
are the spatial and Ca2+ buffering properties of the compartment in which Ca2+
signalling occurs. In the context of Ca2+ oscillations, the compartment can be a
dyadic cleft in skeletal muscle, a neuronal spine, the entire cytosol or even a group
of connected cells. Despite these caveats, modelling has already helped to identify
many of the key control processes in the generation, propagation and termination
of Ca2+ oscillations. Through a continual dialogue between experimental data and
mathematical simulations we can determine which simplifications are acceptable in
a given cellular context, and make quantitative predictions about the behaviour of
the system, which can be tested. Furthermore, where models fail to capture the
essential features of an experimental system, unrecognised signalling interactions
may be suggested and sought experimentally. Ultimately, it can be hoped that new
insight will be gained into how cells encode and decode the Ca2+ signals that drive
so many aspects of physiology.
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